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What Is wavefr ont r econstruction?

¥ Most* wavefiont sensors do not measue the wavefont phase
directly, but instead measue the average derivative

¥ Most* wavefiont correctors are used to conjugate that phase
on the mirror® surface

¥We must reconstruct the phase fom the WFS slopes,
achieving the most accurate, lowest noise estimate possible |
the least amount of computation

¥WeOll start with just one sensor and the phase as a two-
dimensional surface

* |Om ignoring diect phase sensors as well as curvature sensors. I0m also ignoring AO
systems which operate without a WFS or that do not conjugate the phase



Method 1: zonal matrix r econstruction

¥The slope vectors contains x- and y-slopes for all valid
subapertures in the pupill
¥The phase vector! contains all conwllable actuators



Mapping subapertur es and actuators

Slope vector: both x- and y-slopes
Actuator vector

Phase in pupil
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Mapping subapertur es and actuators
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Mapping subapertur es and actuators
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Mapping subapertur es and actuators
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Mapping subapertur es and actuators
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Method 1: zonal matrix r econstruction

¥The slope vectors contains x- and y-slopes for all valid
subapertures in the pupill
¥The phase vector! contains all conwllable actuators

¥ The basis set for econstruction Is the actuators
¥We model the WFS measuement process as

s = WI

¥With the matrix pseudo-inverseE = W ™ , the econstruction is
obtained by a matrix-vector multiplication

0= Es



Method 2: modal matrix r econstruction

¥We brst debne a orthogonal modal basis set t@present the

actuators (me,m;)=0, fork# I



Examples of modal basis sets




Examples of modal basis sets
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Examples of modal basis sets

¥ Actuators

¥ Zemike modes
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¥ Fourier modes
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Method 2: modal matrix r econstruction

¥We brst debne a orthogonal modal basis set t@present the

actuators (me,m;)=0, fork# I

¥We can analyze the phase in terms of modal coefbcients witlr
the inner pioduct ¢ = ! ,my”
¥ The phase Is synthesized fsm the modal coefbcients as
lp! 1
| = Cyx
k=0

M g
!mk,mk"'

¥We can put the modes into iows or columns to produce
modal analysisM and synthesidM~! matrices



Modal r econstruction, continued

¥Now the slope measuement process Is
s=WM' ic

¥ And the modal reconstruction Is
6= MW"s

¥With modes, we can think about weighting or manipulating
them. For example, If we choose the Zanike modes for a
basis set, we can easily emove piston, tip and tilt (or other
Zemikes) by zeping the correct coefPcients befoe converting
back to actuators, using matrixG

8= Es whee E= M IGMW T



Suppr essing local wafl3e via matrix

¥The regular eror criterion, which pioduces SVD, Is
J=(s! WO (s] WD)
¥We add a term which penalizes certain actuator pattars

J=(s! WO (st wh)y+ B vD

¥ Using the weighting matrix/ to penalize local wafl3e

SVD modes New modes

Figures from D.!T. Gavel, OSuppessing anomalous localized waff3e behavior in least
squares wavefront reconstruction,O Poc. SPIE 4839, pp. 972D980 (2002).
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Method 3: Fourier r econstruction

¥The zonal perspective: the slopes and phase ar spatial
signals. If we describe the WFS prcess with a Plterwe can
simply inverse Plter to obtain the phase

¥ The modal perspective: the Fourier modes (sines and cosine:
form a basis set. The matricesM andM ! & simply the
DFT matrices if we embed the apertug in a squake grid

¥How do we deal with this cicular aperture/square grid
problem? (What to do with slopes that equal zey?)
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Essential to solve boundary pr oblem

\. Do nothing

True phase

¥Without slope management, egion outside pupil will be
forced Rat, making phase estimate incoect

¥ Two methods for Pxing this: Extension and Edge
Correction
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Essential to solve boundary pr oblem
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Essential to solve boundary pr oblem

\. Do nothing Extenson Edge Correction  /

True phase Recastruction

¥Without slope management, egion outside pupil will be
forced Rat, making phase estimate incoect

¥ Two methods for Pxing this: Extension and Edge
Correction
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Fourier r econstruction, continued

¥ The spatial domain / fequency domain pair Is

Xm,n| ! "

X [k, I]

¥ Fourier modes ae eigenfunctions of LS| systems - for each
mode the Plter is simply multiplication by a complex number

Vilk, 1]

Guwx [k, ]

| [k, 1] ——

4

Gwy K, 1]

Qx [k, 1]

Y

—>

Qyk, 1]

&

A

— | [k, ]

WES

J
Vy[k,1] Recastruction
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A better point-based model

Shack-Hartmann Shack-Hartmann
I [m, n] I [m+ 1,n] ' Im + 0.5, n]
e»? o
|
|
lx[m,n] — | I [m,n+ 0.5]c>X[m’n] —»0 !'[m+1,n+0.5]
| |
| LY[m, nJj LY[m, n]
_______ — o
l [m,n+ 1] ' /m+1,n+ 1] I [m+ 0.5,n+ 1]
Fried model Modified-Hudgin model

¥ OModibed-Hudgin modelO is accurate, but has less noise, nc
problems with waff3e or local waff3e

X[m,nN]=!m+ 1,n+ 0.5]! !'Im,n+ 0.5]

-

RN 2Tk
Guwx K, ] = exp JW exp JT —1
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A complete Fourier Optics model

¥ Based on a continuous-time model of average derivative

" m+1°* n+1 "

x[m, n] = — 1 (%, dxd
mal= gl ey dxdy

¥When sampled with corect grid spacing and converted Iinto a
plter it becomes

ety (o) o (5 o) 4 (3

N kT T T Tk T
— COS S : COS — : ! S1n — S111 —
Fon N N N N
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Fourier T ransform Reconstruction

Desired phase
(actuators)

A

WES x-slopes
WES y-slopes

(Solve boundary poblemj

|

el Other blters
Complex-valued Fourier coefbcients




Fourier T ransform Reconstruction

Desired phase
(actuators)

A

WES x-slopes
WES y-slopes

(Solve boundary poblemj
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Reconstruction: summary

¥ Matrix reconstruction is widely used and familiar

¥t allows easy measuement of arbitrary system alignments
and geometries (e.g. mis-matched WFS-actuator grids as in
many vision AO systems)

¥ Many well-established mathematics techniques can be used
to formulate more sophisticated contol

¥ Fourier transform econstruction is a computationally efbcient
method which uses the Fourier basis set

¥ Many well-established signal ppcessing technigues can be
used to formulate moe sophisticated contol
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Brief br eak - any questions?




Fundamental design decisions

¥ The number of actuators in the pupll &ects performance and
system design

¥ Incorporation of statistical information about the signal and
noise for better econstruction performance

19



Fitting a phase shape
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Mor e actuators = mor e noise

¥ More actuators require more WFS measuements in oder to
properly sample the phase

¥ These smaller subapertues receive less light each, esulting In
more noisy measuements

¥Where F Is the Bux fom the guide star the number of
electrons received per subapertue Is

Fd”

el
fao

¥ Following Guyon, the intensity at a PSF location Is

N 2
L
f 2F
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PSF intensity with system size, noise only
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Mor e actuators = mor e computation

¥ The computational cost of implementing a full matrix-vector
multiplication isprohibitive for systems with thousands of
actuators: O(n?) forn actuators

¥We could just rely on Moore® Law...

¥ Original Keck AO computer (~1997): 16 Intel i860 pr ocessors, 1.35 ms latency
¥ Keck NextGen WC (~2007): 3 TigerShar ¢ DSPs, 0.081 ms latency

¥ Determine an efbcient algorithm to solve the matrix equation:
O(nlogn)  O(n)

¥ Fourier econstruction, which uses FF§:

O(nlogn)

23



Fast reconstruction algorithms

¥ Pseudo open-loop minimum variance unbiased (MVU)

formulation can be solved with several diérent techniques

¥ Sparse matrix techniques [Ellerbr  oek, 2002]: O(n3/?)
¥ Conjugate gradient algorithm [Gilles, 2002] and variations by V ogel, Yang: O(nlogn)

¥ Open-loop reconstructions
¥ MV conjugate gradient with multi-grid [Gilles, 2003]: O(n)
¥ Multi-grid for least-squar es [Vogel , 2006]: O(n)

¥ Many other proposals

¥ Fractal iterative pr econditioning for MV (FRIM) [BZchet, 2006]:  O(n)

¥ Local r econstruction [MacMartin, 2003]:  O(n*é)  O(n¥?3)

¥ Sparse r econstruction [Shi, 2002]: O(n®logn)

¥ Fourier demodulation fr om WFS CCD spots [Ribak, 2006], [Glazer , 2007]: O(nlogn)
¥ Wavelet r econstruction [Hampton, 2008]: O(n)
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MGCG from Gilles, 2003. FTR from Poyneer, 2007.

Computational costs - reconstruction
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MGCG from Gilles, 2003. FTR from Poyneer, 2007.
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Advanced matrix techniques: Keck AO

¥Instead of using the pseudo inverse, the Keck AO conti
matrix Is generated using prior information in a Bayesian
formulation

¥ The covariance matrix of Kolmogowov turbulence isC,
¥The relative noise matrix for the subapertues is N
¥ The control matrix Is

E = (WTN! 1W + | C!qbl)! 1WTN! 1

¥This Is based on the open-loop statistics of the waveont, but
achieves good kesults in Keck AO closed-loop

See M.!A. van Dam, D.IL. Mignant, and B.!A. Macintosh, OPerformance of the Keck
Observatory adaptive-optics system,O Appl. Opt. 43, 5458D5467 (2004).
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Minimum V ariance Unbiased model

¥The slopes now have noise;s= W! + v

¥ The eror that we wish to minimize Is set by the dierence
between the phase (given viewing angle) and the actuator
commands (given DM esponse):! = H," | Hza

¥ The best actuator commands ae obtained flom the slopes

a=Cs
¥Where the control matrix is given byC = FE , whee
E:(WTPlllW P:l)' 1W-|_Pi/1
F=MHIBH,+ N,N.+ k) *HIBH,

See B.IL. Ellerbroek, OEfbcient computation of minimum-variance wave-front
reconstructors with sparse matrix technigues,O J. Opt. Soc. Am. A 19, 1803D1816 (2002). .



MVU detalls

¥MVU incorporates statistical information and other knowledge

¥ the atmospheric covariance P,

¥ the WFS noise covariance P,

¥ the DM response Hj,

¥ the tar get angle (to deal with anisoplanatism) H,

¥ and err or weighting matrix B

¥ a constraint matrix, based on DM and weighting N
¥ aregularization parameter k

¥ This model is based on open-loop statistics. As such, to be
used In closed-loop, the pseudo-open loop measuements are
prst generated fom the slopes by adding in the DM shape

¥ The structure of MVU can be solved efbciently
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Conjugate gradient (CG) methods

¥CG and variants (FD-PCG, MG-PCG, etc) arfast ways to
iteratively solve a large AO matrix equation, pvided A 1s SPD

AX =D

¥ CG for AO uses the MVU model (or variants) to generate the
AO equation. Instead of a matrix-multiplication, the unknown
phase/actuator vector Is solved for

¥ The fundamental concept of CG, whether used for multivariat
optimization or the solution of linear systems, Is that at each
iteration you seach/update your estimate in a conjugate
(perpendicular) diection.
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How CG works - simple example

0.
*
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0
*
*
*
*
*
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How CG works - simple example

[ [ ~

3 1 38

¥WeOll use CG to solve the equation; ; x=

¥To produce our estimate x: =

- 7/3
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How CG works - simple example

[ [ ~

3 1 38

¥WeOll use CG to solve the equation; ; x=

¥To produce our estimate x: =

- 7/3
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“we OseahedO along
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How CG works - simple example

[ [ ~

3 1 38

¥WeOll use CG to solve the equation; ; x=

¥To produce our estimate x: =

¥The eror of this estimate is'

- 7/3

38
2

1

X1

N , ' 4
, we OseahedO along |
31 73 _ 0
1 1 1 7 143

30



How CG works - simple example

[ [ ~

3 1 38

¥WeOll use CG to solve the equation; ; x=

¥To produce our estimate x: =

¥The eror of this estimate is'

¥ For the next iteration, weOll Oseh® along 43

- 7/3

38
2

1

X1

N , ' 4
, we OseahedO along |
31 73 _ 0
1 1 1 7 143

0

30



How CG works - simple example
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Most AO CG algorithms ar e preconditioned

¥ Convergence of CG depends on condition number of matrix
¥ Convergence can be sped up by peconditioning

¥ Preconditioning Is accomplished with a matrixP

¥If P' 1P = I, then we solveP' 1AP' IPx = P' 1b

¥ Performance now depends on condition not ofA , but of
P' AP

¥What might be a good P ? How about the DFT matrix?

31



Using statistical information in FTR

¥1f we know nothing about signal and noise, the blter Is
o _ Gux X + Gy Y
|Gux |+ |Gwyl?

¥1f we know the signal power! { and noise powet 2 for all
Fourier modes, we have the WWener blter

5 1 Gy X + Glyy Y
| 2 1
NSR = -V

' E 1Gwx[? + |Gwy |2

¥1f you use Fourier modes in MVU, the answer Is the same
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Gain and pr ediction pblters

¥ The Wiener gain is implemented simply as
a real-valued gain blter afteraconstruction

¥ A real-valued gain bltebased on temporal
optimization, not just NSR, Is used In
Optimized-gain Fourier Contol

¥ Another easy Plter to implement is a shift
plter A linearphase complex exponential
shifts the phase estimate

¥This concept forms the basis of Pedictive
Fourier Contol, where the Kalman Plter to
predict a multi-layer atmosphee uses shift
plters
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System design: summary

¥ More actuators means a better bt to the phase, but...
¥ More actuators result In more noise (moe scattered light)
¥ More actuators require more (too much) computation

¥ Many computationally efbcient methods for solving a matrix

equation, which may involve statistical priors
¥ MVU formulation and CG solution

¥ Fourler econstruction Pltering Is also efPcient, and deals with
statistical priors via bltering
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Brief br eak - any questions?




What happens in ar eal AO system?

* Al Gore is not afbliated with the CfAO

Computer simulation Real-world AO system

¥How do we obtain the control matrix?
¥How do we get the Plters and use FTR?
¥How do we adjust for the response of the DM?

Images from Time Magazine and Gemini Observatory
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Starting fr om s = W/

¥The slopes ae arrayed xo, Yo, X1, Y1, 8&@

¥ The actuators ae arrayed! o,! 1,! 2, 888

¥ A theoretical model of the WFS and DM a& used to generate
the slopes that ae measured when each actuator Is poked
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Starting fr om s = W/

¥The slopes ae arrayed xg, Yo, X1, Y1, ada

¥ The actuators ae arrayed! o,! 1,! 2, 888

¥ A theoretical model of the WFS and DM a& used to generate
the slopes that ae measured when each actuator Is poked

* ® ’

AN

¥x-slopes go down-up, down-up
'\ 17 1 /' ¥y-slopes go down-down, up-up
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Altair interaction matrix W

¥ OPokeO an actuator and
OmeaswO the slopes

¥Those slopes become a
specibc column in the
Interaction matrix

¥ Note that due to inf3uence
function model, only close-by
subapertures measule a
poke

Each row corresponds to an x- or y- slope

1 column per actuator

38



Altair contr ol matrix E=M 1GMW t

¥ Altair matrix 1s obtained via the modal method, with some
modes suppressed

¥ Note that the control matrix is not particularly sparse

1 column per x- or y-slope

Each row corresponds to
an actuator

39



Examples of non-matching systems

¥ Though many AO systems have matched subapert@as and
actuators, some do not. A contiol matrix can deal with this.

UC Davis AO OCT

Figure from Zawadzki, SPIE 6429 (2007)
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Examples of non-matching systems

¥ Though many AO systems have matched subapert@as and
actuators, some do not. A contiol matrix can deal with this.

UC Davis AO OCT

Figure from Zawadzki, SPIE 6429 (2007)
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Moving beyond on-axis, single conjugate

¥ Given multiple WFS measwements, the phase can be
reconstructed either in layers or in a volume

Figure from Tokovinin, 2001
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Moving beyond on-axis, single conjugate

¥This enables the AO system to use one or multiple mors to
Improve correction across a beld of view

Strehl maps from MAD on-sky test of Omega Centauril.
SCAO - 1 NGS, MCAO - 3 NGS.

Figure from ESO: 19d/07
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New concepts and algorithms

¥MAD: 3 NGSs, 2 DMs, one altitude conjugated. Matrix
formulation to optimize a uniform Stehl across FoV

¥ Proposed NFIRAOS for TMT6 LGS + NGS, 2 DMs,

correction over a 1-2 acmin FoV

¥ candidate algorithm is FD-PCG in MCAO MVU formulation [Y  ang, 2006] and [V ogel
& Yang, 2006]

¥YLAOOMCAO test bench

¥ 3 simulated LGSs, 3 DMs, Fourier -domain tomography [Gavel, 2004]

¥Ground layer AO: using one mimr and many WFSSs, corect

the common ground layer acioss a very wide Peld

¥ ESOG GRAAL: 4 LGS, 1 DM, 7.5 ar cmin FoV in the NIR
¥ ESO®G GALACSI: 4 LGS, 1 DM, 1 ar cmin FoV in the visible
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Reconstruction summary

¥The WFS does not measue the phase. So we need to
reconstruct It.

¥This Is usually done with a matrix, though other methods sucl
as Fourier econstruction also work

¥While many actuators impove phase btting, theyequire
computationally efPcient algorithms

¥ Both matrix and Fourier methods can incorporate statistical
iInformation to impiove performance

¥ Covered the process of developing a contol matrix of
reconstruction Plter for a specibc AO system and DM.

44



(Non-exhaustive) bibliography

[1]!C."Bechet, et al, OFrim: minimum-variance reconstructor with a fractal iterative method,O in OAd&daptgarOptics 11,0 , B."L. Ellerbroek and D."B. Calia, eds.
(2006), Proc. SPIB272, p. 62722U.

[2]!B."L. Ellerbroek, OEfbcient computation of minimum-variance wave-front reconstructors with sparse matrix techniques,O AnDpt.18p£803D1816 (2002).

[3]!K."Freischlad and C."L. Koliopoulos, OModal estimation of a wave front frieredife measurements using the discrete fourier transform,O J. OpmMSAS, 1852P
1861 (1986).

[4]!'D."L. Fried, OLeast-square btting a wave-front distortion estimate to an array of deaseediineasurements,O J. Opt. 8wc.67, 370D375 (1977).

[5]!D."T. Gavel, OSuppressing anomalous localized waf3e behavior in least squares wavefront reconstruction,O in OAdaptive OpticahSlystes 11,0 ,"P.
Wizinowich and D."Bonaccini, eds. (2002), Proc. SHB, pp. 972D980.

[6]!D."T. Gavel, Odmography for multiconjugate adaptive optics systems using laser guide stars,O in OAdvancedagnitgei®ptics,O , D."B. Calia, B."L. Ellerbroek, and
R."Ragazzoni, eds. (2004), Proc. SP4B0, pp. 1356D1373.

[7]!L."Gilles, et al, OMultigrid preconditioned conjugate-gradient method fier$aale wave-front reconstruction,O J. Opt. SocA 19, 1817D1822 (2002).

[8]!L."Gilles, OOrdeN sparse minimum-variance open-loop reconstructor for extreme adaptive optics,O (8. 182751929 (2003).

[9]! O."Glazeret al, OAdaptive optics implementation with a fourier reconstiG&jmpl. Opt.46, 574D580 (2007).

[10] J."Herrmann, OLeast-squares wave front errors of minimum norm,0 J. Gyn.F6¢28D35 (1980).

[11] R."H. Hudgin, O®e-front reconstruction for compensated imaging,O J. OptAB067, 3750378 (1977).

[12] D."G. MacMartin, OLocal, hierarchic and iterative reconstructors for adaptive optics,O J. @pt. 8@0, 1084D1093 (2003).

[13] L."A. Poyneeret al, OFourier transform wavefront control with adaptive prediction of the atmosphere,O J. Opt. /524, 2645D2660 (2007).

[14] L."A. Poyneeret al, OFast wave-front reconstruction igdaadaptive optics systems with use of the Fourier transform,0 J. OpinSAcl9, 21000211 (2002).

[15] L."A. Poyneer and J.-?Zran, OOptimal modal Fourier transform wave-front control,0 J. OpArSok 22, 151591526 (2005).

[16] E."N. Ribak, et al, OFull wave front reconstruction in the fourier domain,O in OAdvAdiegsiie Optics 11,0 , B."L. Ellerbroek and D."B. Calia, eds. (2006), Proc. SF
6272, p. 627254,

[17] F."Shi, et al, OSparse-matrix wavefront reconstruction: simulations and experiments,O in OAdaptive OptitatBystegies I1,0 ,'B. Wizinowich and D."Bonaccini,
eds. (2002), Proc. SPHB39, pp. 981D988.

[18] A."Tokovinin, et al, Olsoplanatism in a multiconjugate adaptive optics system,O J. Gyh.%0k7, 181991827 (2000).

[19] A."Tokovinin and E."\ard, OLimiting precision of tomographic phase estimation,O J. OpArgok.18, 873D882 (2001).

[20] M."A. van Dam, et al, OPerformance of the Keck Observatory adaptive-optics sipianQpt.43, 5458D5467 (2004).

[21] C."R.Vogel and Q."&ng, OMultigrid algorithm for least-squares wavefront reconstrucfipp)OOpt.45, 7050715 (2006).

[22] C."R.Vogel and Q."3&ng, OFast optimal wavefront reconstruction for multi-conjugate adaptive optics using the fourier domain preconditioned conjugate gradient
algorithm,O Opt. Ex{4, 7487D7498 (2006).

[23] Q."Yang, et al, OFourier domain preconditioned conjugate gradient algorithm for atmospheric ton@§papt@pt.45, 5281955293 (2006).



